Abstract. Given a radical ideal I in a regular ring R, the Containment Problem of symbolic and ordinary powers of I consists of determining when the containment
Introduction
In the last decade, there has been growing interest in the comparison problem of symbolic and ordinary powers of ideals. This interest has been in large part motivated by the following containment result, first shown by Ein, Lazarsfeld and Smith [ELS01] for rings essentially of finite type over the complex numbers, later extended by Hochster and the second author [HH02] to rings containing a field, and recently shown by Ma and Schwede in the mixed characteristic case [MS17] : given an ideal I in a regular ring R, if h is the largest height of an associated prime of I, then I (hn) ⊆ I n . However, this containment in general may not be best possible, and finding the smallest symbolic power that is contained in a fixed power of I can be a fairly delicate question. The second author asked if I (3) ⊆ I 2 for unmixed height two reduced ideals in a regular ring. A conjecture raised by Harbourne suggests more finely tuned estimates: Conjecture 1.1 (Harbourne, see [HH13] and 8.4.3 [BRH + 09]). Let I be a radical homogeneous ideal in k[P N ], and let h be the maximal height of an associated prime of I. 1 Then for all n 1, I (hn−h+1) ⊆ I n .
This conjecture holds for monomial ideals [BRH + 09, Example 8. 4 .5], star configurations [BRH + 09, Example 8.4.8], and general sets of points in P 2 [BH10] and in P 3 [Dum15] . However, there are homogeneous radical ideals of codimension 2 in k[x, y, z] for which the containment I (3) ⊆ I 2 does not hold, showing Conjecture 1.1 is false in general: a counterexample was first found by Dumnicki, Szemberg and Tutaj-Gasińska in [DSTG13] , and later extended to a larger class of ideals by Harbourne and Seceleanu in [HS15] . We do not know of any prime counterexamples to Conjecture 1.1, nor do we know any examples where Conjecture 1.1 does not hold for n ≫ 0.
In proving the main result of [HH02] , a stronger containment was shown: for any k 0, I
(hn+kn) ⊆ (I (k+1) ) n . Takagi and Yoshida [TY07] improved this result for the case when R/I is F-pure: I (hn+kn−1) ⊆ (I (k+1) ) n . As a corollary, one obtains that I (hn−1) ⊆ I n , a result that was independently shown in [HH07, Theorem 3.6]. In particular, this implies that Conjecture 1.1 holds when h = 2 and R/I is F-pure.
Despite the results of [TY07] and [HH07] mentioned above, in general the singularities of R/I have not been taken into account in trying to prove stronger bounds. We consider both the case in which R/I is F-pure (in characteristic p) or strongly F-regular (in characteristic p). By using standard techniques of reduction to characteristic p, we obtain similar results when R is a regular ring essentially of finite type over the complex numbers and R/I is either dense F-pure type or a log terminal singularity.
Our first main result proves that Harbourne's Conjecture holds if R/I is F-pure. Explicitly: Theorem 1.2 (Theorem 3.2). Let R be a regular ring of characteristic p > 0 (respectively essentially of finite type over a field of characteristic 0). Let I be an ideal in R with R/I F-pure (respectively, of dense F-pure type), and let h be the maximal height of a minimal prime of I. Then for all n 1, I
(hn−h+1) ⊆ I n .
Our second main result gives tighter containments if R/I is strongly F-regular (Theorem 4.1). As a corollary, we prove that the symbolic and ordinary powers coincide in the strongly F-regular case if the height of I is 2. Theorem 1.3 (Theorem 4.1). Let R be a regular ring of characteristic p > 0 (respectively essentially of finite type over a field of characteristic 0), and let I be an ideal of height h 2 such that R/I is strongly F-regular (respectively, has log-terminal singularities). Then
(n(h−1)+1) ⊆ I n+1 for all n 1.
Preliminaries
Let A be a Noetherian ring of characteristic p > 0, and denote by F e the e-th iteration Frobenius map F (r) = r p . The ring A is called F-finite if A is a finite module over itself via the action of the Frobenius map. We say that A is F-pure if for any A-module M, F ⊗ 1 : A ⊗ M −→ A ⊗ M is injective. F-pure rings were introduced by Hochster and Roberts in [HR76] . Regular rings are F-pure, and squarefree monomial ideals define F-pure rings. For a complete characterization of one-dimensional F-pure rings, see [GiW77] .
Given an ideal I in a Noetherian ring of characteristic p > 0, the Frobenius powers I
[p e ] of I are obtained by repeatedly applying the Frobenius map to I. If I = (a 1 , . . . , a n ), then
n . The following theorem characterizes ideals that define F-pure rings:
Theorem 2.1 (Fedder's Criterion for F-purity, Theorem 1.12 in [Fed83] ). Let (R, m) be a regular local ring of characteristic p > 0. Given an ideal I in R, R/I is F-pure if and only if for all q = p e ≫ 0,
If A is F-finite and reduced, the ring of p e -roots of A is denoted by A 1/p e , and the inclusion A ֒→ A 1/p e can be identified with F e . An F-finite reduced ring A is strongly F-regular if given any f ∈ A, f a nonzero divisor in A, there exists q = p e such that the inclusion f 1/q A −→ A 1/q splits. Strongly F-regular rings, first introduced in [HH89] , are F-pure, normal, and Cohen-Macaulay. Veronese subrings of polynomial rings, locally acyclic cluster algebras [BMRS15] and certain ladder determinantal varieties [GS95] are strongly F-regular. See also [BT06] .
There is a criterion similar to Theorem 2.1 for strongly F-regular rings:
Theorem 2.2 (Glassbrenner's Criterion for strong F-regularity, [Gla96] ). Let (R, m) be an F-finite regular local ring of prime characteristic p. Given a proper radical ideal I of R, R/I is strongly F-regular if and only if for each element c ∈ R not in any minimal prime of I, c
Now let R be a Noetherian ring of any characteristic, and I an ideal in R. The n-th symbolic power of I is given by
Note that I (n+1) ⊆ I (n) for each n, and that given any a, b 1, To prove our main results, we will need the following results regarding symbolic powers:
. Let R be a regular ring of prime characteristic p > 0, and I an ideal in R. Let h be the largest number of generators of I after localizing at an associated prime of I. Then for every n 1 and
Theorem 2.4 (Theorem 2.6 in [HH02] ). Let I be an ideal of a regular ring of prime characteristic p > 0. Let h be the largest analytic spread of I P for P an associated prime of I. Then for all n 1 and all k 0,
Lemma 2.5 (Lemma 2.4 in [HH02] ). Let R be a ring, and I = (u 1 , . . . , u h ) an ideal in R.
Then for all integers t 1 and k 0,
Hence, if R has prime characteristic p > 0 and q = p e ,
Lemma 2.6. Let I be a radical ideal in a regular ring R of characteristic p > 0 and h the largest height of a minimal prime of I. For all q = p e ,
Proof. Taking Frobenius powers preserves the set of associated primes. Indeed, since applying Frobenius is exact, the length of a minimal free resolution of an ideal J coincides with that of its Frobenius powers. Given this, the Auslander-Buchsbaum formula then guarantees that the depth of R P /J P coincides with that of R P /J
[q]
P for all q = p e . Moreover, P is an associated prime of an ideal J if and only if depth (R P /J P ) = 0.
Since I (k+1) has no embedded primes, we only need to check the containment at the minimal primes of I. So take a minimal prime P of I and replace R by R P and I by I P . Since I is generated by h or fewer elements, Lemma 2.5 completes the proof. Remark 1. Note that Lemma 2.6 implies Theorem 2.3, since hqn hq + (n − 1)q − h + 1 as long as n, h 2. However, we will use the statement of Theorem 2.3 precisely as stated, so we record it here as a means to simplify our proofs.
Remark 2. In all our results, we will assume that I is a radical ideal. In that case, the largest height h of a minimal prime of I coincides with the values of h in Theorem 2.3 and Theorem 2.4.
Ideals defining F-pure rings
In the next two sections, we prove our main results. We will repeatedly use the following remark:
Remark 3. When R is regular, the Frobenius map is flat, by [Kun69] . As a consequence,
Lemma 3.1. Let R be a regular ring of characteristic p > 0. Let I be a radical ideal in R and h the maximal height of a minimal prime of I. For all n 1 and for all q = p e ≫ 0,
We will show that
which implies that
completing the proof. Notice that
We claim that I (hn−h+1) q−1 ⊆ I ((hq−1)(n−1)+h(n−1)) , and to show that, it is enough to prove that
By Theorem 2.4, I (h(n−1)+(hq−1)(n−1)) ⊆ I (hq) n−1 .
By Theorem 2.3, I
(hq) ⊆ I [q] . Then
The result now follows.
Theorem 3.2. Let R be a regular ring of characteristic p > 0. Let I be an ideal in R with R/I F-pure, and let h be the maximal height of a minimal prime of I. Then for all n 1,
Proof. First, note that we can reduce to the local case: in general, to prove an inclusion of ideals K ⊆ L it suffices to prove the containment holds after localizing at an arbitrary associated prime of L; moreover, all localizations of an F-pure ring are F-pure [HR74, 6.2]. So suppose that (R, m) is a regular local ring, and that R/I is F-pure. Fix n 1, and consider q as in Lemma 3.1. Then
, contradicting Fedder's Criterion (Theorem 2.1).
Example 1 (Squarefree monomial ideals). Let R be a polynomial ring over a field of characteristic p > 0, and I an ideal generated by squarefree monomials; then R/I is F-pure
. For more on symbolic powers of monomial ideals, see [CEHH16] .
The following example shows that Theorem 3.2 is sharp for both the case in which R/I is F-pure and where I is a monomial ideal. This example is a special case of the star configurations of points in [HH13] .
Example 2. Let I ⊆ R := k[x 1 , . . . , x v ] be the following ideal:
Note that the symbolic powers of I can be written as . On the other hand, elements of I have degree at least v − 1, so that elements of I n have degree at least (v − 1)n = vn − n. If n < v, then vn − v < vn − n, and since the degree of x
n . Notice that all the associated primes of I have height 2, so h = 2. Theorem 3.2 says that I (2n−1) ⊆ I n for all n, but the previous argument shows that I (2n−2) I n for all n < v. This example can be generalized to any h 2, by taking I = i 1 <···<i h (x i 1 , . . . , x i h ). In that case, I
(hn−h)
I
n for all n(h − 1) < v.
Ideals defining strongly F-regular rings
The main result of this section is the following:
Theorem 4.1. Let R be an F-finite regular ring of characteristic p > 0, and I an ideal of height h 2 such that R/I is strongly F-regular. Then
for all n 1.
First, we prove a lemma:
Lemma 4.2. Let R be a regular ring of characteristic p > 0, I an ideal in R, and h 2 the maximal height of a minimal prime of I. Then for all d h − 1 and for all q = p e ,
Proof. Let t ∈ I d : I (d) and s ∈ I [q] : I . We want to show that
First, note that
. By Lemma 2.6, we get
As long as h 2, we have qd − 1 qd − h + 1, which implies that
as desired.
We begin the proof of Theorem 4.1. We first note that the second statement follows from the first, by induction. To see this, assume we have shown that
, which is the statement we are trying to show for the case n = 1. The induction step follows from choosing d = (h − 1)(n + 1) + 1.
We prove the first statement by contradiction. As before, we can reduce to the case where (R, m) is a regular local ring. Note that strong F-regularity is a local property, that is, R is strongly F-regular if and only if all of its localizations are strongly F-regular [HH89, 3.1 (a)]. Suppose that
We can always find an element t ∈ I d : I (d) not in any minimal prime of I. By Lemma 4.2,
By Theorem 2.2, this contradicts the fact that R/I is strongly F-regular.
Remark 4. Note that if R is a local ring and R/I is strongly F-regular, then I is a prime ideal, so that the value h in Lemma 2.6 is the height of I.
Corollary 4.3. Let R be a regular ring of characteristic p > 0, and I a height 2 prime such that R/I is strongly F-regular. Then I (n) = I n for all n 2.
The following example suggests that Theorem 4.1 might not necessarily be sharp:
Example 3 (Determinantal ideals). Let K be a field of characteristic 0 or p > min {t, n − t}, X a generic n × n matrix, and let I t denote the ideal of t-minors of X in R = K[X]. These ideals of minors define strongly F-regular rings in characteristic p, by [HH94, 7.14].
For which values of k and m do we have I is generated by such products. Notice that any factors corresponding to minors of size less than t are irrelevant to determine whether or not the given product is in I (k)
t . So consider δ 1 , · · · , δ u , with δ i an s i -minor for each i, such that δ 1 · · · δ u ∈ I (k) t , and write s = s 1 + · · · + s u . Using the remark above, we may assume that s i t for each i. We want to show that for all such possible choices of
which, since we are assuming s i t for all i, can be rewritten as
Moreover, s i is the size of a minor of an n × n matrix, and thus each s i n. In particular, this implies that un s. Therefore, we must have
Combining this with ( * ), we obtain
. Thus it suffices to show that δ 1 · · · δ u ∈ I m t . In particular, for each 1 j t, we need to show that δ 1 · · · δ u ∈ I
, which is equivalent to the following inequalities:
Note that all these inequalities are convex combinations of the first and the last one, so that they are verified as long as s tm s m + (t − 1)u. Since we are assuming that s k + (t − 1)u, then s m + (t − 1)u as long as k m, which must be satisfied by any m with I . Given this, s tm is satisfied as long as nk n−t+1 tm, which can be rewritten as k (n−t+1)t n m, which was our claim. We conclude that I (k) ⊆ I m as long as k t(n−t+1) n m. This bound is much better than that of Theorem 4.1 when n is large and t is close to n 2 . We also note that the computations above can be used to show that, given k, this is actually the best possible value of m.
Note that we can obtain the same containment results for the ideal of t × t minors of a symmetric n × n matrix or the ideal of 2t-Pfaffians of a generic n × n matrix, using Proposition 4.3 and Theorem 4.4 in [JMV15] for the symmetric case and Theorem 2.1 and Theorem 2.4 in [DN] for the Pfaffians.
, where k is a field of prime characteristic p > 2, n be an integer, and let I be the ideal of 2 × 2 minors of the 2 × 3 matrix
By [Sin99, Proposition 4.3], R/I is strongly F-regular. Since I is an ideal of height 2, Corollary 4.3 says that I (k) = I k for all k. An interesting point connected with this example is the following: the ideal I of maximal minors of a generic 2 by 3 matrix defines a strongly F-regular quotient ring. As we specialize the entries by moding out general choices of elements in some suitable ideal, the quotient ring will remain strongly F-regular for a while, but not forever. Likewise, the symbolic powers of the same ideal I are just the regular powers, and this will also remain true as we specialize, again for a while. Is the point at which the strongly F-regular property breaks the same as that where the equality of symbolic and ordinary powers no longer remain the same? Is there something interesting to say on this point?
There are other circumstances under which improved bounds hold. The next theorem gives one such example: . By Theorem 2.4,
Given two ideals I and J in R, I and J are linked if there exists a regular sequence x = x 1 , . . . , x n in I ∩ J such that J = (x) : I and I = (x) : J. The linkage class of J is the set of ideals I such that there exist ideals K 0 , . . . , K s with K 0 = J and K s = I and K i is liked to K i−1 . An ideal I is licci if it is in the linkage class of a complete intersection. For more on linkage, see [HU87] . One can also study the behavior of various types of F-singularities under linkage. See [MPG + 16].
Corollary 4.5. Let R be a regular ring and I a licci radical ideal of height h such that R/I is Gorenstein. Let h be the maximal height of a minimal prime of I. If a
Proof. By [HU89, Theorem 2.8 b) i)], I (2) = I 2 . The result follows.
Remark 5. We can apply Corollary 4.5 to the case of height three Gorenstein ideals, since these are licci [Wat73] . In the case we take the ideal I generated by generic maximal Pfaffians of a skew symmetric (2n + 1) × (2n + 1) matrix, the quotient is a height three strongly Fregular Gorenstein ideal (see Example 3). Hence we can compare the two bounds given by Corollary 4.5 and Theorem 4.1. The bound given in Theorem 4.1 is that for all n 1, I (2n−1) ⊆ I n . The bound of Corollary 4.5 is that for all n 1, I
(4·⌈ n 2 ⌉) ⊆ I n , which is slightly worse. Of course as the height increases, the bound given in Corollary 4.5 becomes better.
Other examples where symbolic and ordinary powers agree can be found in [CFG + 16]. As a final remark, we note that one may often make a flat extension to study these containments.
Remark 6. If R −→ S is faithfully flat, P is a prime ideal in R, and Q = P S, then
Indeed, Q ∩ R = P ; moreover, nonzero divisors in R/P remain nonzero divisors in S/Q by flatness, so
Note also that the value of h, the maximal height of an associated prime of P , does not increase when passing to Q (cf. [HH02, Discussion 2.3 (c)]).
Equicharacteristic 0
By using reduction to characteristic p > 0 techniques, such as in [HH99] , we can generalize the main results to the case of equal characteristic 0. For information concerning the basic definitions and relationships see [HW02] , or the survey [ST12, Appendix C].
Definition 5.1 (dense F-type). Let R be a ring essentially of finite type over a field k of characteristic zero. Suppose we are given a model R A of R over a finitely generated Z-subalgebra A of k. We say that R is of dense F-pure type (respectively dense strongly F-regular type) if there exists a dense subset of closed points S ⊆ Spec A such that R µ is F-pure (respectively strongly F-regular) for all µ ∈ S.
Remark 7. Note that the definition above is independent of the choice of R A .
Theorem 5.2. Let R be a regular ring, essentially of finite type over a field of characteristic 0. Let I be an ideal in R such that R/I is of dense F-pure type, and let h be the largest height of any minimal prime of I. Then, for all integers n 1,
Proof. Theorem 5.4 (Theorem 2.11 in [Tak13] ). Let X be a log canonical singularity over an algebraically closed field k of characteristic 0. Given a model X A of X over a finitely generated Z-algebra A, {s ∈ Spec A | s is a closed point such that X s is F-pure} is dense in Spec A, if we assume Conjecture 5.3.
Similarly to Theorem 5.2, we obtain a characteristic 0 version of Theorem 4.1.
Theorem 5.5. Let R be a regular ring, essentially of finite type over a field of characteristic 0. Let I be an ideal in R such that R/I is of dense strongly F-regular type, and let h be the largest height of any minimal prime of I. Then, for all integers n 1,
Proof. Our assumption means that given models R A and (R/I) A of R and R/I over a finitely generated Z-subalgebra A of k, there exists a dense subset of closed points S ⊆ Spec A such that (R/I) µ is strongly F-regular for all µ ∈ S.
As in the proof of 5.2, we use the standard descent theory of [HH99, Chapter 2], reducing the problem to the positive characteristic case, following the same steps as in [HH02, Theorem 4.2]. After reducing to characteristic p > 0, the statement follows from Theorem 4.1.
We may apply this result to the case in which R/I has log-terminal singularities. We refer to [TiW14, §4.1] for a definition of log-terminal singularities. Note that we do not need to assume that R/I is Q-Gorenstein in this application, since De Fernex and Hacon [dFH09] have given a definition and treatment of log-terminal singularities without this assumption, and these are of dense strongly F-regular type [Tak04, Lemma 1.6]. We thank the anonymous referee who pointed this out to us.
Theorem 5.6. Let R be a regular ring, essentially of finite type over a field of characteristic 0. Let I be an ideal in R such that R/I has log-terminal singularities, and let h be the largest height of any minimal prime of I. Then, for all integers n 1,
I
((h−1)n+1) ⊆ I n+1 .
Proof. By [Har98, Theorem 5.2], R is of dense strongly F-regular type. We apply Theorem 5.5 to finish the proof.
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